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Abstract
Let πi :Ei →M , i = 1,2, be oriented, smooth vector bundles of rank k over a closed, oriented
n-manifold with zero sections si :M → Ei . Suppose that U is an open neighborhood of s1(M)
in E1 and F :U → E2 a smooth embedding so that π2 ◦ F ◦ s1 :M → M is homotopic to a
diffeomorphism f . We show that if k > [(n + 1)/2] + 1 then E1 and the induced bundle f ∗E2
are isomorphic as oriented bundles provided that f have degree +1; the same conclusion holds if f
has degree −1 except in the case where k is even and one of the bundles does not have a nowhere-
zero cross-section. For n ≡ 0(4) and [(n+ 1)/2] + 1 < k  n we give examples of nonisomorphic
oriented bundles E1 and E2 of rank k over a homotopy n-sphere with total spaces diffeomorphic with
orientation preserved, but such that E1 and f ∗E2 are not isomorphic oriented bundles. We obtain
similar results and counterexamples in the more difficult limiting case where k = [(n+1)/2]+1 and
M is a homotopy n-sphere.
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1. Statement of results
This paper concerns the following question. Suppose one has two oriented, smooth
vector bundles of rank k over a closed, oriented n-manifold, πi :Ei →M , i = 1,2. Let
si :M → Ei be the zero cross-sections. Suppose that U is an open neighborhood of the
zero section s1(M) in E1 and F :U → E2 a smooth embedding so that the composition
π2 ◦ F ◦ s1 :M →M is homotopic to a diffeomorphism f . Then, when can one conclude
that E1 and the induced bundle f ∗E2 are isomorphic as oriented bundles? In the case
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where U =E1, π2 ◦F ◦ s1 is homotopic to the identity and k > [(n+ 1)/2]+ 1, Walschap
and the author [3] obtained an affirmative answer. We also gave examples to show that
the bundles may not be isomorphic if the rank is less than [(n + 1)/2] + 1, even in the
case where U = E1, π2 ◦ F ◦ s1 is homotopic to the identity and each vector bundle has
a nowhere-zero cross-section. Here we shall prove the following two extensions of the
results of [3] and give new counterexamples in the case where the rank, k, satisfies the
inequalities [(n+ 1)/2] + 1 k  n.
Theorem 1. Suppose that k > [(n+1)/2]+1 and let F :U →E2 be a smooth, orientation-
preserving embedding of an open neighborhood U of the zero section s1(M) in E1 so that
the composition π2 ◦F ◦ s1 :M →M is homotopic to a diffeomorphism f . If f has degree
+1, then E1 and the induced bundle f ∗E2 are isomorphic as oriented bundles. If f has
degree −1 then there is a smooth bundle map from E1 onto f ∗E2 covering the identity and
reversing the orientation of each fiber, hence if either k is odd or one of the bundles has a
nowhere-zero cross-section, then E1 and f ∗E2 are isomorphic oriented bundles.
The conclusion that E1 and f ∗E2 are isomorphic oriented bundles is false in the
remaining case where f has degree −1, the rank k is an even integer and one of the
bundles does not have a nowhere-zero cross-section; we show this with counterexamples
in Section 3. One family of examples consists of pairs, E1 and E2, of distinct oriented
bundles of rank n ≡ 0 (mod 4) over a homotopy n-sphere whose total spaces are
diffeomorphic, with orientation preserved, such that f = π2 ◦ F ◦ s1 is an orientation-
reversing diffeomorphism of the base (see Proposition 1 in Section 3). Indeed, we shall see
that no two of the four bundles, E1, E2, f ∗E1, f ∗E2, are isomorphic oriented bundles,
which means that the distinction is more than simply a question of an orientation of the
base.
Here is another example, but one in which the distinction is a question of the orientation
of the base. Let n be an even integer and let M be a homotopy n-sphere with an orientation-
reversing diffeomorphism, f :M →M . The derivative, df :TM → TM , is a bundle map
of the tangent bundle, TM , reversing the orientation of each fiber and covering f ; hence
df is an orientation-preserving diffeomorphism of the total space onto itself. But TM and
f ∗TM are not isomorphic oriented bundles because TM is classified by the element ∂ιn of
infinite order in πn−1(SO(n)) whereas f ∗TM is classified by −∂ιn (recall that n is even).
For further details, see Section 3.
We remark that if k > n, then all bundles of rank k over a homotopy n-sphere have a
nowhere-zero cross-section because the homomorphismπn−1(SO(k−1))→ πn−1(SO(k))
induced by the natural inclusion SO(k − 1)⊂ SO(k) is surjective, where πn−1(SO(k)) is a
stable group.
In the theorem above, the hypothesis of an embedding of an open neighborhood of
s1(M) is equivalent to, and may be replaced by, the following hypothesis: Let g :M →
E2 be a smooth embedding with normal bundle E1 so that π2 ◦ g is homotopic to a
diffeomorphism f . This is so because a closed tubular neighborhood of the compact set
g(M) in E2 (i.e., a set of the form {y ∈E2 | d(y, g(M)) ε} for a sufficiently small ε > 0,
where d is a metric on E2 obtained from a Riemannian metric) is diffeomorphic, with
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orientation preserved, to the total space of the normal disk bundle of the embedding g. The
same change may be made in the statement of Theorem 2 below.
As we noted above, the conclusions of Theorem 1 are false if k < [(n+1)/2]+1, even in
the case where π2◦F ◦s1 is homotopic to the identity map of the base and each bundle has a
nowhere-zero cross-section. The case where k = [(n+1)/2]+1 is considered in Theorem 2
below, where M is a homotopy n-sphere. Because of the low rank, k = [(n+ 1)/2] + 1,
which is the limiting case and requires a special argument, the proof of Theorem 2 is longer
than that of Theorem 1.
In Theorem 1, if M is a homotopy n-sphere and π2◦F ◦s1 has degree+1, then of course
this map must be homotopic to the identity map of M , hence Theorem 1 implies that E1
and E2 are isomorphic oriented bundles. If π2 ◦ F ◦ s1 has degree −1 and M is an exotic
sphere, then we assume the existence of an orientation-reversing diffeomorphism f of M ,
to which π2 ◦ F ◦ s1 would necessarily be homotopic, in order to obtain the conclusion.
Here is a simple example in which π2 ◦ F ◦ s1 is not homotopic to a diffeomorphism.
Let M be a homotopy n-sphere that does not admit any diffeomorphism of degree −1
onto itself; according to [10], such homotopy spheres exist at least for n = 10,13 and
n ≡ 3 (mod 4), n = 3. Let r be a reflection of the unit n-sphere in an n-plane through
the origin in Rn+1. The derivative, dr , is a diffeomorphism, preserving orientation, of the
tangent bundle T Sn onto itself. It is known that there is a diffeomorphism,G :TM → T Sn,
preserving orientation, onto T Sn and inducing a map of degree +1 from M to Sn. The
conjugate, F = G−1 ◦ dr ◦G, is an orientation preserving diffeomorphism of TM onto
itself inducing a map π2 ◦ F ◦ s1 of degree −1 on M which is not homotopic to a
diffeomorphism of M . The oriented bundles TM and (π2 ◦F ◦ s1)∗TM are isomorphic if
and only if n is odd.
Theorem 2. Suppose that k = [(n+1)/2]+1, that M is a homotopy n-sphere, and that one
of the bundles has a nowhere-zero cross-section. If F :U → E2 is a smooth, orientation-
preserving embedding of an open neighborhood U of the zero section s1(M) in E1 such
that π2 ◦F ◦ s1 is homotopic to a diffeomorphism of M , then E1, and (π2 ◦F ◦ s1)∗E2 are
isomorphic oriented bundles.
If we remove the hypothesis that one of the bundles have a nowhere-zero cross-section
then Theorem 2 is false. We show this in Section 3 with bundles of rank 8 over a 14-sphere.
The results obtained here provide a correction to the statement of the corollary of
Theorem 2 in [3]. That corollary, which concerns the special case where M is a homotopy
n-sphere, the map π2 ◦ F ◦ s1 has degree −1 and k  [(n+ 1)/2] + 1, was not properly
stated there. To correct it, the statement should include the hypotheses that π2 ◦ F ◦ s1 be
homotopic to a diffeomorphism of M and that, if k is even, then one of the bundles have a
nowhere-zero cross-section also for k > [(n+ 1)/2] + 1.
Throughout this paper, smooth and differentiable mean of class C∞ and [(n + 1)/2]
denotes the largest integer not greater than (n + 1)/2. For more detailed references we
refer the reader to [3]. In particular, refer to [3] and [11] for the connection of these results
with Riemannian geometry.
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2. Proofs of the theoremsProof of Theorem 1. First we identify M with each zero section si (M) and regard si
as the inclusion map of M in Ei . We consider the tangent bundle TM of M to be a
subbundle of TEi |M , the restriction to M of the tangent bundle T Ei of Ei . Furthermore,
T U0 = TE1|U0, T U0|M = TE1|M and T Ei |M is naturally isomorphic to the Whitney
sum
T Ei |M = TM ⊕Ei, i = 1,2,
where Ei is identified with the bundle whose fiber over x ∈ M is the tangent space of
π−1i (x) at si (x). The normal bundle of M in Ei is, therefore, the quotient bundle
(TM ⊕Ei)/TM ∼=Ei
where ∼= denotes isomorphism of bundles. Notice that for i = 1 this quotient bundle is also
the normal bundle of M in the neighborhood U .
We have a smooth, orientation-preserving embedding F :U → E2 such that F ◦ s1
and s2 ◦ f are homotopic smooth embeddings of M in E2. As M is compact, connected
and without boundary, and k > [(n + 1)/2] + 1, it follows from an embedding theorem
of Haefliger [4] that there is a differentiable isotopy G :M × [0,1] → E2 such that
G(x,0) = F ◦ s1(x) and G(x,1) = s2 ◦ f (x) for all x ∈M , which implies that there is
a differentiable isotopy H :E2 × [0,1] → E2 such that H(y,0) = y for all y ∈ E2 and
H(F ◦ s1(x),1) = s2 ◦ f (x) for all x ∈M . But s1(x) = s2(x) = x for all x ∈M hence
the composition p → H(f (p),1), p ∈ U0, is a smooth embedding of U in E2 whose
restriction to M equals the diffeomorphism f of M . Without loss of generality, therefore,
we may suppose that F ◦ s1 = f .
The derivative dF :TU → TE2 is, therefore, an orientation preserving bundle map
covering F :U →E2 whose restriction to the subbundle TM is the derivative df : TM →
TM . That is to say, the bundle map
(dF )|M :TM ⊕E1 → TM ⊕E2
maps the summand TM isomorphically onto TM while it maps E1 injectively into
TM ⊕E2. It follows that the bundle map dF induces a bundle map of normal bundles
φ :E1 ∼= (TM ⊕E1)/TM → (TM ⊕E2)/TM ∼=E2,
covering the diffeomorphism f .
If f has degree +1 then df :TM → TM preserves the orientation of each fiber and,
as F preserves orientation, it follows that the bundle map φ :E1 → E2 preserves the
orientation of each fiber, i.e., E1 and the induced bundle f ∗E2 are isomorphic oriented
bundles. In particular, if f is homotopic to the identity map of M then E1 and E2 are
isomorphic.
E1
φ
E2 f ∗E2
fˆ
M
f
M M.
f
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Now suppose that f has degree −1, which means that df :TM → TM reverses the
orientation of each fiber. But F preserves orientation hence the bundle map φ :E1 → E2
must reverse the orientation of each fiber. It follows that there is a bundle map from E1
onto the induced bundle f ∗E2 which covers the identity map of M and which reverses
the orientation of the fibers, i.e., the bundles E1 and f ∗E2 are isomorphic as bundles
with structure group the full orthogonal group O(k). But, however, if E2 has a nowhere-
zero cross-section then we show that E1 and f ∗E2 are isomorphic as oriented bundles, as
follows: There is an oriented smooth vector bundle E(k−1)2 of rank (k − 1) such that E2 is
the Whitney sum
E2 =E(k−1)2 ⊕ (M ×R)
where M ×R denotes the trivial line bundle over M . We construct a bundle map ψ from
f ∗E2 = f ∗E(k−1)2 ⊕ (M ×R) onto E2 by combining the bundle map f ∗E(k−1)2 →E(k−1)2
covering f with the bundle mapM×R→M×R defined by writingψ(x, t)= (f (x),−t).
This bundle map ψ reverses the orientation of each fiber hence the composition φ−1 ◦ψ ,
f ∗E2
ψ
E2
φ−1
E1,
covering f−1 ◦ f = identity is an isomorphism of oriented bundles. The same conclusion
holds if E1 has a nowhere-zero cross-section because E1 and f ∗E2 are isomorphic as
bundles with group O(k), hence one of them has a nowhere-zero cross-section if and
only if the other has. Finally, we observe that if the rank k is odd then the bundle map
E2 → E2 defined by sending each vector vx ∈ π−12 (x) to the scalar multiple (−1)vx for
each x ∈ M reverses the orientation of the fibers which implies that E1 and f ∗E2 are
isomorphic oriented bundles whether or not one of the bundles has a nowhere-zero cross-
section.
The proof of Theorem 1 is complete. ✷
Before proving Theorem 2 we state and prove the following two lemmas which we use
to prove Theorem 2.
Lemma 1. Let F :U → E2 be a smooth, orientation-preserving embedding of a
neighborhood U of the zero section s1(M) so that π2 ◦ F ◦ s1 is a homotopy equivalence.
Let metrics be given on each vector bundle Ei and let Wi be the associated disk bundle
consisting of all vectors of length at most di > 0, i = 1,2, respectively, with W1 contained
in the interior of U and F(W1) contained in the interior of W2. If M is simply connected,
n > 2, k > 2, then the restriction F |W1 is smoothly isotopic to a diffeomorphism of W1
onto W2.
Proof. We show that the closed complement V = W2  intF(W1), where intF(W1)
denotes the interior of F(W1), is an h-cobordism with oriented boundary ∂V = ∂W2 ∪
[−∂F (W1)], as follows. We have the inclusion of pairs,
(
V,∂F (W1)
)= (W2  intF(W1),F (W1) intF(W1)
)⊂ (W2,F (W1)
)
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hence by excision we have isomorphisms of homology and cohomology,H(V, ∂F (W1))∼=
H(W2,F (W1)). There are also the Poincaré duality isomorphisms,
Hq(V, ∂W2)∼=Hn+k−q
(
V,∂F (W1)
)∼=Hn+k−q(W2,F (W1)
)
.
By hypothesis π2 ◦ F ◦ s1 is a homotopy equivalence, hence the inclusion F(W1)⊂W2 is
a homotopy equivalence so Hq(W2,F (W1))= 0 for all q . It follows that Hq(V, ∂W2)=
Hq(V, ∂F (W1)) = 0 for all q , where ∂W2 and ∂F (W1) are simply connected (k − 1)-
sphere bundles over M . By the Whitehead theorem, therefore, the inclusions of ∂W2 and
∂F (W1) in V are homotopy equivalences. As n+ k > 5 the h-cobordism theorem implies
that V is diffeomorphic to ∂F (W1)×[0,1]. It follows that W2 is diffeomorphic to the union
of ∂F (W1)× [0,1] and F(W1) with the identification (p,0) ∼ p for each p ∈ ∂F (W1).
We use the product structure ∂F (W1)× [0,1] to deform F(W1) isotopically onto W2, thus
completing the proof of the lemma. ✷
Lemma 2. If F :U → E2 is a smooth, orientation-preserving embedding of a neighbor-
hood of s1(M) so that π2 ◦F ◦ s1 is a homotopy equivalence, then there is a neighborhood
U1 ⊂ U of s1(M) such that the restriction F |U1 may be extended to a diffeomorphism of
E1 onto E2, provided that n > 2, k > 2 and M is simply connected.
Proof. Select a metric on each vector bundle Ei . As M is compact we may choose d2 > 0
so that the image F(M) is contained in the interior of the subset (1/2)W2 of E2 consisting
of all vectors of length at most d2/2. We may choose d1 > 0 so that F(W1) is contained
in (1/2)W2, where W1 is the set of all vectors of length at most d1 in E1. Indeed, we may
choose d1 so that W1 is contained in the interior of U . Now it follows from Lemma 1 that
the restriction F |W1 is isotopic to a diffeomorphismF ′ of W1 onto W2, where W2 is the set
of all vectors of length at most d2 in E2. If we let U1 denote the set of all vectors of length
less than d1/2 in W1, then the proof of Lemma 1 shows that we may keep the isotopy fixed
on U1 so that F ′|U1 = F |U1. We complete the proof by observing that the interior of Wi is
diffeomorphic to Ei under a diffeomorphism leaving fixed all vectors of length not greater
than di/2. ✷
Proof of Theorem 2. First consider the case where n > 2, whereby k = [(n+ 1)/2]+ 1>
2. By Lemma 2, therefore, we may suppose that F is a diffeomorphism of E1 onto E2.
Now the proof proceeds along the lines of the proof of Theorem 2 of [3]. Without loss of
generality we may assume that π2 :E2 →M has a nowhere-zero cross-section χ :M →E2
(as otherwise we may replace F by the diffeomorphism F−1 :E2 → E1). Choose and fix
a homotopy equivalence λ :Sn → M of degree +1 where Sn is the standard n-sphere
and use it to identify the set of homotopy classes of maps from M into the universal
base space BSO(k) with the homotopy group πn−1(SO(k)). In this way the elements of
πn−1(SO(k)) classify smooth, oriented vector bundles over M . If α ∈ πn−1(SO(k)) then
−α classifies an oriented bundle over −M , the manifold with the opposite orientation,
through the homotopy equivalence λ ◦ r :Sn → −M of degree +1 where r :Sn → Sn
is a fixed reflection in an n-plane through the origin in Rn+1. If α1, α2 ∈ πn−1(SO(n))
then α1 + (−α2) classifies a smooth, oriented bundle over the connected sum M + (−M)
which is a manifold diffeomorphic to Sn for n = 3,4 (M + (−M) is h-cobordant to
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Sn, hence diffeomorphic to Sn for n = 3,4; see [10]). Let αi ∈ πn−1(SO(k)), i = 1,2,
classify πi :Ei → M, i = 1,2, respectively. The image F(M) of the zero section is a
compact submanifold of E2 with normal bundle classified by α1, hence we may deform
the nowhere-zero cross-section χ :M → E2 to obtain a smooth embedding X :M → E2
with image disjoint from F(M). The normal bundle of X(M) is classified by α2; the
normal bundle of −X(M) is classified by −α2 because π2 :E2 →M has a nowhere-zero
cross-section. Let ε denote the degree of π2 ◦ F ◦ s1, so ε = ±1. Make the connected
sum F(M)+ [−εX(M)] in E2 by running a tube from F(M) to −εX(M) (if ε = 1 then
−εX(M) = −X(M); if ε = −1 then −εX(M) = X(M)) to obtain a smooth embedding
of M + (−εM) in E2 with normal bundle classified by α1 + (−εα2). The manifold
M + (−εM) is diffeomorphic to the standard n-sphere, provided that n = 3,4. Indeed,
this was noted above for ε = 1. If ε =−1 then π2 ◦ F ◦ s1 is homotopic to an orientation-
reversing diffeomorphism, by hypothesis, which means that M and −M are diffeomorphic
with orientation preserved, i.e., M + M is diffeomorphic to the standard n-sphere, as
claimed. In either case the embedding
M + (−εM)→ F(M)+ [−εX(M)]
is homotopically trivial in E2 because π2 ◦F ◦ s1 has degree ε =±1 and X :M →E2 is a
deformation of the zero cross-section s2 :M → E2. It follows from the engulfing theorem
of Zeeman [17] that F(M) + [−εX(M)] is contained in the interior of an (n + k)-disk
in E2. If n = 3,4 we have, therefore, a smooth embedding of the standard n-sphere in
Euclidean space Rn+k with normal bundle classified by α1 + (−εα2). According to a
theorem of Kervaire, the normal bundle of any embedding of the standard n-sphere in
Rn+k is trivial if k > (n+ 1)/2. As we have k = [(n+ 1)/2] + 1 > (n+ 1)/2 it follows
that if n = 3,4 then α1 + (−εα2)= 0, i.e., α1 = εα2 hence E1 and (π2 ◦ F ◦ s1)∗E2 are
isomorphic oriented bundles. For n= 3 there is nothing to prove because π2(SO(k))= 0.
For n= 4 we apply the theorem of Hsiang et al. [7] stating that the normal bundle of any
embedding of a homotopy n-sphere in Rn+k is trivial whenever n 15 and k > (n+ 1)/2.
For n= 2, k = 2, and we cannot apply Lemma 2 so we argue as follows. For any integer n
the map
e :πn−1
(
SO(n)
)→Hn(Sn)
which assigns to each characteristic class ζ ∈ πn−1(SO(n)) the Euler class e(ζ ) (the first
obstruction to the existence of a nowhere-zero cross-section) of the bundle classified by ζ
is a homomorphism. For the (oriented) normal bundle, classified by α ∈ πn−1(SO(n)),
of an embedding g :Sn → E, where π :E → Sn is any oriented bundle of rank n
over Sn classified by β ∈ πn−1(SO(n)), the class e(α) is equal to the self-intersection
number 〈{g}, {g}〉 multiplied by the orientation generator of Hn(Sn), where {g} denotes
the homology class of g(Sn) in Hn(E). Now if πg :Sn → Sn has degree ±1 then
{g} = ±{s} where s :Sn → E is the zero cross-section of π :E → Sn, which implies
that e(α) = e(β). We apply this description to our case where n = 2 = k to conclude
that e(α1) = e(α2) which means that the bundles E1 and E2 are isomorphic because
e :π1(SO(2))→ H 2(S2) ∼= Z is an isomorphism. But, by hypothesis, one of the bundles
has a nowhere-zero cross-section hence both bundles are trivial. The proof of Theorem 2
is complete. ✷
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Remarks. (1) In Theorem 2, notice that if n 15 then we may replace the hypothesis that
π2 ◦F ◦ s1 be homotopic to a diffeomorphism of M by the hypothesis that π2 ◦F ◦ s1 have
degree ±1. In general, the requirement that π2 ◦ F ◦ s1 be homotopic to a diffeomorphism
is made to ensure that M +M have a trivial normal bundle in Rn+k in the case where
π2 ◦F ◦ s1 has degree −1. This hypothesis may be replaced by the following: Assume that
π2 ◦ F ◦ s1 has degree ±1; if π2 ◦ F ◦ s1 has degree −1 then suppose that M +M has a
smooth embedding in Rn+k with a trivial normal bundle. We can make this change because
the normal bundle of a homotopy n-sphere in Rn+k is unique for k > (n+ 1)/2, according
to a result of Hsiang et al. [7].
(2) Let n = k = 2 and suppose that one of the bundles does not have any nowhere-
zero cross-section. The proof of Theorem 2 shows that as E1 and E2 are isomorphic,
E1 and (π2 ◦ F ◦ s1)∗E2 are isomorphic oriented bundles if and only if π2 ◦ F ◦ s1
has degree +1. Furthermore, it is not difficult to see that the total space of any oriented
bundle π :E → S2 of rank two over the 2-sphere admits a diffeomorphism F onto itself,
preserving orientation, with composition π ◦F ◦ s having degree −1 on S2, as follows. We
consider such a bundle to be a complex line bundle over S2, where we identify S2 with the
complex projective line P1(C), writing S2 as the disjoint union of two copies, C1 and C2,
of the complex numbers modulo the identification of each nonzero z1 in C1 with z2 = z−11
in C2. The Euler class e(α), which is the first Chern class of the complex line bundle, is an
integer multiple, a, of the orientation class h2 in H 2(S2), e(α) = ah2. The total space E
is the disjoint union of C1 ×C and C2 ×C modulo the identification of each (z1,w1) in
C1 ×C, z1 = 0, with (z2,w2)= (z−11 , z−a1 |z1|aw1) in C2 ×C,
E = (C1 ×C) ∪ (C2 ×C)/(z1,w1)∼ (z2,w2)=
(
z−11 , z
−a
1 |z1|aw1
);
the classifying map of E sends each z of S1 into multiplication by za . The orientation-
preserving diffeomorphism of E onto itself is defined by complex conjugation, sending
each pair (zi ,wi) in Ci × C into (z¯i , w¯i) in Ci × C, a map that is well-defined because
the conjugate of z−a1 w1 is z¯−a1 w¯1. The composition π ◦ F ◦ s is the orientation-reversing
diffeomorphism of S2 sending each zi into z¯i . An analogous discussion may be given in
the case where n = k = 4 or 8, the difference being that πn−1(SO(n)) is free abelian of
rank two for n = 4 or 8 whereas π1(SO(2)) is infinite cyclic. For n = 4 or 8 we identify
Rn with the quaternions or Cayley’s octonions, respectively; then a classifying map for any
bundle E of rank n over Sn ends each x in Sn−1 into the element T (x) in SO(n) defined by
writing T (x)(y)= xayxb for all y in Rn, where (a, b) is a unique ordered pair of integers
and the multiplication is that of quaternions (for R4) or octonions (for R8). Conjugation of
(quaternion or octonion) coordinates in the total space
E = (Rn1 ×Rn
)∪ (Rn2 ×Rn
)
/(x, y)∼ (x−1, x−ayx−b‖x‖a+b)
defines an orientation-preserving diffeomorphism from E onto the total space E2 of the
bundle over Sn with classifying map T2 given by T2(x)(y)= xbyxa for all x in Sn−1 and
y in Rn (this follows because the conjugate of xayxb is x¯by¯x¯a). The map induced on the
base sends each x into its (quaternion or octonion) conjugate x¯, hence has degree −1 and
we see that the conclusion of Theorem 1 holds if and only if a =−b. For the details and a
generalization of this construction to all dimensions n≡ 0 (mod 4), see Section 3.
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In conclusion notice that in view of Theorems 1 and 2 above and the examples in Section
3 below, the only question remaining for bundles over homotopy spheres is whether or not
for k = [(n+ 1)/2] + 1 there exist two nonisomorphic oriented bundles of rank k over a
homotopy n-sphere, neither of which admits a nowhere-zero cross-section but whose total
spaces are diffeomorphic with orientation preserved such that the map induced on the base
has degree +1. (In the examples of Section 3 the maps induced on the base have degree
−1.) By taking the Whitney sum of each bundle with the trivial line bundle we can see from
Theorem 1 that if there were such a diffeomorphism, then the corresponding characteristic
classes in πn−1(SO(k)) would differ by an element, ∂β = α1 − α2, in the image of the
boundary homomorphism of the fibration SO(k + 1)/SO(k) = Sk , hence α1 − α2 would
classify the normal bundle of an immersion of Sn in Rn+k , an immersion whose regular
homotopy class, according to Smale, is classified by the image of β in πn(Vn+k,n) under
the homomorphism πn(Sk)→ πn(Vn+k,n) induced by the map
Sk = SO(k + 1)/SO(k)→ SO(n+ k)/SO(k)= Vn+k,n
into the Stiefel manifold, which map is induced by the natural inclusions
SO(k)⊂ SO(k + 1)⊂ SO(n+ k);
for all of this, see Kervaire [8, Théorème 3.1]. But if the induced homomorphism
i∗ :πn−1(SO(k))→ πn−1(SO(k + 1)) is injective and the map induced on the base has
degree ε = ±1, then by application of Theorem 1 we have i∗(α1) = εi∗(α2) hence
α1 = εα2 which is just the conclusion of Theorem 2. For example, if n = 4 then k = 3
in Theorem 2 and the induced homomorphism maps π3(SO(3)) ∼= Z injectively onto a
direct summand of π3(SO(4)) ∼= π3(SO(3)× S3), hence the conclusion of Theorem 2 is
valid for all bundles of rank 3 over a homotopy 4-sphere, although if such a bundle is not
trivial then it does not satisfy the hypotheses of Theorem 2, i.e., a nontrivial bundle of
rank 3 over a homotopy 4-sphere does not have any nowhere-zero cross-section (because
π3(SO(2)) = 0). By Remark 2 above we can see that any bundle E1 of rank 3 classified
by α1 = a in Z= π3(SO(3)) over the standard 4-sphere has transition function T defined
by T (x)(y)= xayx−a for all x in S3 and all purely imaginary quaternions y =−y¯ in R3,
hence quaternionic conjugation defines an orientation-preserving diffeomorphism from E1
onto the total space E2 of the bundle of rank 3 over S4 classified by α2 =−α1 =−a with
transition function T2 given by T2(x)(y)= x−ayxa ; the map induced on the base S4 has
degree ε =−1.
One can also use the argument given in the proof of Theorem 2 to make a slightly
different observation, as follows. Let α0(α2) ∈ πn−1(SO(k)) classify the oriented bundle
E′2 obtained from E2 by reversing the orientation of the fibers of E2 (in general α0(α) =±α for α ∈ πn−1(SO(k)); see Proposition 1 in Section 3 for more details). In the notation
of the proof of Theorem 2, we see that the connected sum F(M) + (−M) would be a
standard n-sphere immersed in the interior of an (n+ k)-disk in E2 whose normal bundle
would be classified by α1 − α0(α2) where −α0(α2) classifies the normal bundle of −M
in E2.
230 R. De Sapio / Topology and its Applications 130 (2003) 221–237
3. Examples of bundles of even rankThe first proposition below establishes infinitely many counterexamples in the case
where the rank k > [(n+ 1)/2] + 1 and n≡ 0 (mod 4) (Theorem 1). It is known that for
n ≡ 0 (mod 4), the homotopy groups πn−1(SO(n− 1)) and πn−1(SO) are infinite cyclic
and πn−1(SO(n)) is free abelian of rank two. Furthermore, for n > 8 the natural inclusion
of SO(n − 1) in SO induces an isomorphism of πn−1(SO(n − 1)) onto the stable group
πn−1(SO). For all of this, see Kervaire [9, pp. 167–169]. But if n= 4 or 8, then a generator
of πn−1(SO(n− 1)) is mapped to twice a generator of πn−1(SO).
For n ≡ 0 (mod 4) let αn−1 denote the image in πn−1(SO(n)) of a fixed generator of
πn−1(SO(n − 1)). Let ιn be the generator of πn(Sn) represented by the identity map of
Sn. The element ∂ιn classifies the tangent bundle of Sn, where ∂ denotes the boundary
homomorphism of the homotopy sequence of the fibration SO(n+ 1)/SO(n)= Sn. From
the exactness of the homotopy sequence
0 πn(Sn) ∂ πn−1
(
SO(n)
) i∗ πn−1
(
SO(n+ 1)) 0
we see that the elements αn−1 and ∂ιn generate a free abelian group of rank two. It is not
difficult to show that for n > 8, αn−1 and ∂ιn generate πn−1(SO(n)). But for n= 4 or 8 the
sum αn−1 + ∂ιn is twice an element βn−1, αn−1 + ∂ιn = 2βn−1, such that αn−1 and βn−1
form a basis for the free abelian group πn−1(SO(n)) of rank two and the image i∗(βn−1)
generates πn−1(SO(n+ 1)).
Proposition 1. For a fixed ordered pair of nonzero integers (p, q) let π1 :E1 → M
and π2 :E2 → M be the distinct oriented bundles of rank n ≡ 0 (mod 4) classified
by pαn−1 + q∂ιn and −pαn−1 + q∂ιn, respectively, over a homotopy n-sphere with
an orientation-reversing diffeomorphism f :M →M . There is an orientation-preserving
diffeomorphism F from E1 onto E2 which is a bundle map of O(n)-bundles reversing the
orientation of the fibers and covering f . The element pαn−1 − q∂ιn classifies the induced
bundle f ∗E2 which is not isomorphic to E1 as an oriented bundle.
Proof. We regard the quotient π0(O(k)) = O(k)/SO(k) as a group of operators on
πn−1(SO(k)) induced by the action of each element of O(k) as an inner automorphism of
O(k) leaving SO(k) invariant. Let α0 denote the nonzero element of the group π0(O(k))
of order two. Any orthogonal transformation in O(k) with determinant −1 represents α0.
Furthermore, if π :E →M is a bundle of rank k over a homotopy n-sphere classified by
an element α ∈ πn−1(SO(k)), then α0(α) classifies the bundle π ′ :E′ →M obtained by
reversing the orientation of each fiber of π :E→M . In particular, if gji are the transition
functions for E then g′ji = CgjiC are transition functions for E′, where C is a fixed
diagonal k × k matrix with diagonal entries ±1 and determinant −1 so C2 = I . We have
the bundle map
η :E→E′
given by the identity map and reversing the orientation of each fiber. It was shown by
Steenrod [13, §23.11] that, for k = n,α0(∂ιn) = −∂ιn, and for k = n ≡ 0 (mod 4),
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α0(αn−1) = αn−1 because the bundle classified by αn−1 has a nowhere-zero cross-
section. We shall give a different proof that α0(∂ιn) = −∂ιn, as follows. Let r be a
reflection of Sn in an n-plane through the origin in Rn+1. The derivative, dr :T Sn →
T Sn, reverses the orientation of each fiber of the tangent bundle and covers r , hence
dr is an orientation-preserving diffeomorphism of T Sn onto itself. The bundle map
rˆ : r∗T Sn → T Sn preserves orientation of the fibers and covers r hence the composition
dr ◦ rˆ : r∗T Sn → T Sn reverses orientation of the fibers and covers the identity. Now recall
the bundle map η :T Sn → (T Sn)′ which reverses the orientation of the fibers and covers
the identity, where (T Sn)′ is the bundle classified by α0(∂ιn) as described above. It follows
that the composition
η ◦ dr ◦ rˆ : r∗T Sn → (T Sn)′
is an isomorphism of oriented bundles where r∗T Sn is classified by −∂ιn and (T Sn)′ is
classified by α0(∂ιn), i.e., α0(∂ιn) = −∂ιn as claimed. If n is even then ∂ιn has infinite
order hence α0(∂ιn) = ∂ιn. Furthermore, if n ≡ 0 (mod 4) then α0(pαn−1 + q∂ιn) =
pαn−1 − q∂ιn hence the bundles E1 (classified by pαn−1 + q∂ιn) and E′1 (classified by
pαn−1 − q∂ιn) are distinct if q = 0 and differ by more than an orientation of the base if
pq = 0. For the diffeomorphism f of degree −1 the induced bundle (f−1)∗E′1 = E2 is
classified by −(pαn−1 − q∂ιn)=−pαn−1 + q∂ιn. The composition of bundle maps
E1
η
E′1
fˆ
E2 =
(
f−1
)∗
E′1
covers f and is a diffeomorphism, preserving orientation, of E1 onto E2, reversing
orientation of base and fiber. As pq = 0 no two of the four bundles,E1,E2, f ∗E1, f ∗E2 =
E′1, are isomorphic as oriented bundles. The proof of Proposition 1 is complete. ✷
The case where n = 8 in Proposition 1 has an explicit and more complete description
using Cayley’s octonions, O= R8, which we shall give now for the sake of completeness
and in order to construct counterexamples in the case where the rank, k, satisfies the
inequalities [(n + 1)/2]  k < n. These bundles over a homotopy n-sphere are induced
by suspensions of maps, h :Sn−1 → S7, from certain of the bundles over the 8-sphere
obtained from this more complete description. We do this in Proposition 3 below.
Serre [12] proved that π7(SO(8)) is free abelian of rank two without making explicit
any generators; this result was based on the theorem of Blanchard and Borel [1] that the
8-dimensional faithful representation of Spin(7) is transitive on the unit sphere S7 with
isotropy group the exceptional Lie group G2 of automorphisms of the octonions. In [15]
Toda et al. gave explicit formulas for two maps from S7 into SO(8) which represent a basis
for π7(SO(8)). We give a description of these maps below, one of which represents the
element α7 in Proposition 1.
The Cayley numbers, or octonions, O, form a nonassociative 8-dimensional real
division algebra. An octonion is an ordered pair (a, b) of quaternions and the product
of two pairs x = (a, b) and y = (c, d) is defined by
xy = (a, b)(c, d)= (ac− d¯b, da+ bc¯)
where c¯ and d¯ denote the conjugates of the quaternions c and d , respectively. The pair e0 =
(1,0) is a two-sided unit. The three elements e1 = (i,0), e2 = (j,0), e4 = (0,1) generateO
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and e1, e2, e3 = (k,0) generate a subalgebra isomorphic to the quaternions. The conjugate
of x = (a, b) is x¯ = (a¯,−b) and the norm ‖x‖ of x is defined by ‖x‖2 = xx¯. If x = 0
then x−1 = x¯‖x‖−2 is both a left and right inverse of x . Furthermore, ‖xy‖ = ‖x‖‖y‖
and xy = y¯x¯ for all x, y ∈O as can be verified directly. It is also true that the subalgebra
with unit, 1, of O generated by any two elements is isomorphic to a subalgebra of the
quaternions and is therefore an associative algebra. This is the theorem of Artin; see [5,
Theorem A.13]. In particular, for any x, y ∈O the subalgebra with unit generated by x and
y contains x¯ and y¯; thus by the theorem of Artin,
(xy)x¯ = x(yx¯), x¯(xy)= (x¯x)y = ‖x‖2y = y(xx¯)= (yx)x¯, (1)
for all x, y ∈O. We apply these equations now.
For each x ∈ S7 let Lx be the element of SO(8) defined by
Lx(y)= xy for all y ∈R8.
The inverse of Lx in SO(8) is Lx¯ as we have, by application of (1),
Lx¯ ·Lx(y)= Lx¯(xy)= x¯(xy)= (x¯x)y = y
for all y ∈R8. The correspondence, x →Lx , defines a differentiable map, L :S7 → SO(8).
We also have the differentiable map R :S7 → SO(8) defined by
Rx(y)= yx for all x ∈ S7, y ∈R8.
For each x ∈ S7 the inverse of Rx is Rx¯ .
Now consider the principal SO(7)-bundle π : SO(8) → S7 = SO(8)/SO(7) where
π(g) = g(e0) for each g ∈ SO(8) and the subgroup SO(7) = {h ∈ SO(8): h(e0) = e0}.
The map L :S7 → SO(8) defines a cross-section of this bundle and we have the bundle
equivalence
φ−1 : SO(8)→ S7 × SO(7)
defined by
φ−1(g)= (g(e0), (Lg(e0))−1 · g
)
where (Lg(e0))−1 · g denotes the product in SO(8) of the elements (Lg(e0))−1 and
g. This product is an element of SO(7) because (Lg(e0))−1 · g applied to e0 yields
(Lg(e0))
−1(g(e0)) = e0. All of this was proved in [13, §8.6]. The inverse, φ, is the map
φ(x,h) = Lx · h for all (x,h) ∈ S7 × SO(7). We have, therefore, an isomorphism of
homotopy groups,
πm
(
SO(8)
)∼= πm
(
S7
)+ πm
(
SO(7)
)
where the direct sum is natural in that the inclusion i : SO(7) ⊂ SO(8) induces an
isomorphism of πm(SO(7)) into a subgroup of πm(SO(8)) and the map L induces an
isomorphism of πm(S7) onto a subgroup of πm(SO(8)) so that πm(SO(8)) is a direct sum
of these two subgroups. For m= 7 the homotopy class
β7 = [L] ∈ π7
(
SO(8)
)
is one of the generators simply because φ(x, I) = Lx for each x ∈ S7, where I denotes
the identity of SO(8). To describe the other generator let c :S7 → S7 be the map of
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degree −1 defined by c(x) = x¯ for all x ∈ S7. For the compositions R ◦ c and L ◦ c we
have R ◦ c(x) = R−1x and L ◦ c(x) = L−1x in SO(8) for all x ∈ S7, hence we may write
R ◦ c=R−1 and L ◦ c= L−1. The map
(R ◦ c) ·L :S7 → SO(8), ((R ◦ c) ·L)(x)= (R ◦ c(x)) ·Lx,
has image in SO(7) because, for all x, y ∈ S7,
(
(R ◦ c) ·L)(x)(y)= ((R ◦ c(x)) ·Lx
)
(y)=Rx¯ ·Lx(y)= xyx¯ = Lx ·R−1x (y)
hence ((R ◦ c) · L)(x)(e0)= e0 for all x ∈ S7. Here the dot means the group operation in
SO(8).
Toda et al. [15] proved that the homotopy class of (R ◦ c) · L= L · R−1 in π7(SO(7))
generates the group and that its image
α7 = i∗
[
(R ◦ c) ·L] ∈ π7
(
SO(8)
)
together with β7 = [L] form a basis for the free abelian group π7(SO(8)) of rank 2, i.e.,
π7
(
SO(8)
)= Z(α7)+Z(β7).
Notice that, in π7(SO(8)), we have [R ◦ c] = −[R] because c :S7 → S7 reverses
orientation, hence
α7 =
[
(R ◦ c) ·L]= [R ◦ c] + [L] = −[R] + β7 (2)
where the second equality holds because SO(8) is a topological group.
It was noted by Toda et al. [15] that the kernel of i∗ :π7(SO(8)) → π7(SO(9)) is
generated by 2β7 − α7 which implies that 2β7 − α7 = ±∂ι8 by the exactness of the
homotopy sequence
0 π8
(
S8
) ∂
π7
(
SO(8)
) i∗
π7
(
SO(9)
)
0.
For the sake of completeness it seems desirable to give a direct, elementary computation
at the level of maps of S7 into SO(8) showing that ∂ι8 = 2β7 − α7. First we state the
theorem of Steenrod [13, §23.4] (see also Hopf [6] and Whitehead [16]). Let Sn = {x =
(x0, x1, . . . , xn) |∑ni=0 x2i = 1} and Sn−1 = {x ∈ Sn | xn = 0}.
Theorem (Steenrod). The tangent bundle of Sn is classified by the map Tn+1 :Sn−1 →
SO(n) with the following properties. As a rotation of Sn−1, Tn+1(x) leaves fixed all points
orthogonal to (1,0, . . . ,0) and x and rotates the great circle through (1,0, . . . ,0) and x
through an angle twice that from (1,0, . . . ,0) to x , i.e., ∂ιn = [Tn+1].
In [16] Whitehead called Tn+1 the canonical map of Sn−1. This result leads to the
following:
Proposition 2. The map R ·L= L ·R :S7 → SO(8) is the characteristic map T9 classifying
the tangent bundle of S8, i.e., L ·R = T9, hence
L2 · ((R ◦ c) ·L)−1 = L ·R = T9
and, therefore, 2β7 − α7 = ∂ι8.
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Proof. For each x ∈ S7, (L · R)(x) = Lx · Rx by definition. Now, if x ∈ S7 and y is
orthogonal to x with y¯ = −y , then by a straightforward computation we have yx = x¯y
hence Lx ·Rx(y)= xyx = y , i.e., (L ·R)(x) leaves fixed all points orthogonal to 1 and x .
For each x ∈ S7 write x = x0 + x ′ where x0 is real and x¯ ′ = −x ′. If x ′ = 0 then the great
circle on S7 through e0 = 1 and x with parameterization
γ (θ)= cosθ + sin θ‖x ′‖x
′, x = γ (cos−1 x0
)
is a 1-parameter group with respect to multiplication of octonions and we have
Lx ·Rx
(
γ (θ)
)= γ (θ0)γ (θ)γ (θ0)= γ (θ + 2θ0)
where θ0 = cos−1 x0. We see that Lx ·Rx is a rotation of the great circle through the angle
2θ0 where θ0 is the angle from 1 to x . It follows from Steenrod’s theorem that L ·R = T9.
This completes the proof of Proposition 2. ✷
Notice that this proof is analogous to that of [13, §23.6].
Now we use the relation 2β7 = α7 + ∂ι8 to compute α0(β7), thus:
2α0(β7)= α7 − ∂ι8 = 2α7 − (α7 + ∂ι8)= 2(α7 − β7)
hence α0(β7)= α7−β7 because π7(SO(8)) is a free abelian group. It follows that for n= 8
there is an analog of Proposition 1 with the element β7 replacing ∂ι8; we leave this for the
reader to formulate. This analog can be deduced immediately from Proposition 3 stated
below in the case where n= 8 and h is the identity map.
But here is a direct proof that α0(β7)= α7 − β7. The element α0(β7) is represented by
the map
C ·L ·C :S7 → SO(8)
where C is the diagonal 8× 8 matrix with diagonal entries 1,−1, . . . ,−1, i.e., c(x)= x¯ =
Cx for all x ∈ S7. For x ∈ S7 and y ∈R7 we compute
(C ·L ·C)(x)(y) = (C ·Lx ·C)(y)= C ·Lx(y¯)
= C · (xy¯)= xy¯ = yx¯ =Rx¯(y)= (R ◦ c)(x)(y),
i.e., C ·L ·C =R ◦ c. In π7(SO(8)), therefore, we have by application of (2),
α0(β7)= [C ·L ·C] = [R ◦ c] = −[R] = α7 − β7.
To construct the bundles of rank k < n we shall use the following lemma of Toda et al.
[15] where the universal covering group Spin(7) is by definition the set of all g ∈ SO(8)
such that for some h ∈ SO(7) the equation g(yz) = h(y)g(z) holds for all y, z ∈ S7, and
the universal covering homomorphism χ : Spin(7)→ SO(7) is given by χ(g)= h.
Lemma 3. Let t :S7 → S7 be defined by t (x) = x3 for all x ∈ S7, let p : Spin(7)→ S7
be the restriction of the fibration SO(8)→ S7 so p(g) = g(1), and let λ = L · R2 be the
map sending each x ∈ S7 to Lx ·R2x , then λ maps S7 into Spin(7) such that p ◦ λ= t and
χ ◦ λ= L ·R−1 .
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The proof in [15] uses the Moufang identities x(yz)x = (xy)(zx) and (yx¯)(xzx) =
(yz)x (see [5, p. 144]). One could say that one obtains the lift λ = L · R2 into Spin(7) of
L · R−1 :S7 → SO(7) by taking the product in SO(8) of the maps L · R−1 and R3, the
result of which is a lift of the map t into the total space of the fibration S7 = Spin(7)/G2
where G2 is the exceptional 14-dimensional Lie group of all automorphisms of the algebra
O. For another application of this lemma, see [2].
We shall prove the following proposition.
Proposition 3. Let [h] be a nonzero element of order not 3 in πn−1(S7), then the element
[(L · R−1) ◦ h] in πn−1(SO(7)) has order equal to either the order of [h] or the order of
3[h]. Furthermore let f :M →M be a diffeomorphism of degree −1 of a homotopy n-
sphere and let EL and ER be the total spaces of the nonisomorphic oriented bundles over
M classified by [L ◦ h] and −[i ◦ (L ·R−1) ◦ h] + [L ◦ h], respectively. Then, there is an
orientation-preserving diffeomorphism from EL onto ER mapping each fiber onto a fiber,
linearly and reversing orientation, and covering f . But, however, the oriented bundle EL
is not isomorphic to the induced oriented bundle f ∗ER . If, moreover, the order of [h] is
not 2 then no two of the four bundles EL,ER,f ∗EL,f ∗ER are isomorphic as oriented
bundles.
Before proving the proposition we use it to give some concrete examples; for assertions
about the homotopy groups of spheres and the rotation groups, see [9] and [14],
respectively. The homotopy group π10(S7)∼= Z24 is generated by the homotopy class [h]
of the third iterated suspension of the Hopf map S7 → S4, and the class [(L · R−1) ◦ h]
generates π10(SO(7)) ∼= Z8 because this class has the order of 3[h]. Thus we have
counterexamples in the case where [(n + 1)/2] + 1 < k < n which are oriented bundles
of rank 8 over homotopy 11-spheres of order 2 (see [10]) or over the standard 11-sphere.
To obtain a counterexample in the case where k = [(n+ 1)/2]+ 1 we choose n= 14 so
[(n+ 1)/2] + 1 = 8 and π13(S7)∼= Z2 which is generated by the composition h ◦ g where
h and g are the third and sixth iterated suspensions of the Hopf map S7 → S4, respectively.
The element [(L◦R−1)◦h◦g] has order 2 in π13(SO(7)) hence we have counterexamples
consisting of bundles of rank 8 over a homotopy 14-sphere, either the essentially unique
exotic one or the standard 14-sphere.
By a similar technique it is possible to construct counterexamples in the case where
[(n + 1)/2] + 1  k < n consisting of bundles of even rank greater than 8. One such
example consists of bundles of rank 12 over a homotopy 19-sphere; another example
consists of bundles of rank 12 over a homotopy 22-sphere.
Proof of Proposition 3. We begin with a map h :Sn−1 → S7 representing a nonzero
element [h] of order different from 3 in πn−1(S7). It follows from the proof of Proposition
2 that the map t :S7 → S7, t (x)= x3, has degree 3. We use the H -space structure of S7 to
deduce that the composition
t ◦ h :Sn−1 → S7, t ◦ h(w)= (h(w))3, w ∈ S7,
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is homotopic to the sum h+ h+ h= 3h hence we have [t ◦ h] = 3[h] = 0 in πn−1(S7). If
the order of [h] is not divisible by 3 then 3[h] and [h] have the same order, otherwise 3[h]
has order equal to the order of [h] divided by 3. From Lemma 3 we have
3[h] = [t ◦ h] = [p ◦ λ ◦ h] = p∗[λ ◦ h]
which implies that the order of [λ ◦ h] in πn−1(Spin(7)) is a positive integer multiple of
the order of 3[h]. We also have
[(
L ·R−1) ◦ h]= [χ ◦ λ ◦ h] = χ∗[λ ◦ h]
which means that [(L ·R−1) ◦ h] and [λ ◦ h] have the same order because
χ∗ :πn−1
(
Spin(7)
)→ πn−1
(
SO(7)
)
is an isomorphism for n > 2. It follows that the order of [(L ·R−1) ◦ h] in πn−1(SO(7)) is
a positive integer multiple of the order of the nonzero element 3[h]. But [(L ·R−1) ◦ h] =
(L · R−1)∗[h] means that [(L · R−1) ◦ h] has order a divisor of the order of [h], hence
[(L · R−1) · h] has order equal to either the order of [h] or the order of 3[h]. Notice that
this argument shows that if [h] has order 3 then (L · R−1)∗[h] lies in the image of the
homorphism induced by the inclusion G2 ⊂ SO(7), and that the induced homomorphism
(L · R−1)∗ :πn−1(S7)→ πn−1(SO(7)) has kernel contained in the subgroup generated by
the elements of order 3.
The compositions L ◦ h and R ◦ h represent elements of πn−1(SO(8)) and we have
[
C · (L ◦ h) ·C]= [(C ·L ·C) ◦ h]= [R−1 ◦ h]= [(R ◦ h)−1]=−[R ◦ h] (3)
because SO(8) is a topological group. Let M be a homotopy n-sphere obtained as the
union of two compatibly oriented n-disks identified along the boundary Sn−1 under a
diffeomorphism, and let EL and ER be the oriented bundles of rank 8 over M classified by
[L ◦ h] and [R ◦ h], respectively. The element α0[L ◦ h] = [C · (L ◦ h) · C] classifies the
bundleE′L overM obtained by reversing the orientation of each fiber of EL, as described in
the proof of Proposition 1. It follows from (3) that α0[L◦h] = −[R ◦h] classifies E′L. Now
let i : SO(7)→ SO(8) denote the natural inclusion, then in the direct sum decomposition
πm
(
SO(8)
)= i∗πm
(
SO(7)
)+L∗πm
(
S7
) (4)
where the induced homomorphisms i∗ and L∗ are monomorphisms, we have for m= 7,
−[R] = [L] − [R] − [L] = [i ◦ (L ·R−1)]− [L]
from which we obtain
α0[L ◦ h] = −[R ◦ h] =
[
i ◦ (L ·R−1) ◦ h]− [L ◦ h]
in (4) for m= n− 1 because the function which assigns to each map g :S7 → SO(8) the
composition g ◦ h defines a homomorphism from π7(SO(8)) into πn−1(SO(8)). [Proof.
If g1, g2 :S7 → SO(8) then [(g1 + g2) ◦ h] = [(g1 · g2) ◦ h] = [(g1 ◦ h) · (g2 ◦ h)] =
[g1 ◦ h] + [g2 ◦ h].]
Now suppose that there is a diffeomorphism f :M →M of degree −1. The element
−α0[L ◦ h] = −[i ◦ (L · R−1) ◦ h] + [L ◦ h] = [R ◦ h] classifies the induced bundle
(f−1)∗E′L =ER . We recall that the nonzero element [i ◦ (L ·R−1) ◦ h] has order equal to
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either the order of [h] or the order of 3[h] and [L ◦ h] has the order of [h], hence EL is not
equivalent to either f ∗ER =E′L or ER . Notice that if [h] does not have order 2 then no two
of the bundles EL,ER,f ∗EL,f ∗ER are isomorphic oriented bundles. Furthermore, as in
the proof of Proposition 1 we have an orientation-preserving diffeomorphism F = fˆ ◦ η
from EL onto ER which is a bundle map of O(8) bundles reversing the orientation of the
fibers and covering f , as required.
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